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Abstract-Propagation of ultrasonic or seismic waves in an elastic solid where slit cracks are
randomly distributed is investigated. The distribution has a uniform probability density in a slab
region, the cracks are parallel to the boundaries of the slab, and the solid is uncracked on either
side of the slab. When an antiplane wave is normally incident on the cracks, it is shown that the
average (coherent) motion is governed by two coupled integral equations. These equations are
solved assuming that the average exciting stress near a fixed crack is equal to the average total stress.
Inside the slab, where multiple scattering occurs, there is a forward motion and a backward motion.
The velocity and attenuation of the two motions are shown to be given by simple formulae that
depend on frequency and crack density. Simple formulae, which depend on frequency, crack density,
and slab thickness, are also obtained for the wave amplitudes outside the slab. Plots of the velocity,
attenuation, reflected amplitude, and transmitted amplitude vs the frequency are presented for
several values of crack density and slab thickness. Low and high frequency limits of these quantities
are examined analytically and numerically. © 1997 Elsevier Science Ltd

I. INTRODUCTION

It has long been known from experimental observations that wave propagation through
media containing distributed inhomogeneities (particles, defects, inclusions) is governed by
a frequency-dependent complex-valued wavenumber, where the real and imaginary parts
are measures respectively of wave velocity and attenuation. The complex-valued wave­
number describes approximately the overall (coherent) wave motion generated by multiple
scattering effects; it acts as a device that smooths out local fluctuations.

If one assumes that real sensors naturally filter and smooth incoming signals, then one
concludes that coherent wave motions (velocity and attenuation) are readily measurable in
the laboratory. In recent years, velocity and attenuation measurements have been reported
for electromagnetic waves by Kuga et al. (1996), for seismic waves in fractured rocks by
Peacock et al. (1994a, b), and for waves in elastic solids by Kinra et al. (1980), Kinra and
Anand (1982), and Sayers and Smith (1983).

What is not readily measurable is the incoherent motion, which represents fine-scale
scattering effects and is defined as the difference between the actual and coherent motions.
It is worth mentioning that conservation of energy does not hold for either the incoherent
or coherent motion, but does hold for the sum of the two motions.

Analytical evidence that multiple-scattering effects generate complex-valued wave­
numbers was provided by Foldy (1945), Lax (1951, 1952), Waterman and Truell (1961),
and Twersky (1962). Their method, which has proved very useful, consists of evaluating
the configuration-averaged motion through randomly distributed scatterers. One difficulty
with this method, as observed by Groenenboom and Snieder (1995), is that it identifies the
analytical average motion (over an ensemble of configurations) with the coherent motion
(corresponding to only one configuration or measurement). Such an identification raises
legitimate questions. A second difficulty is that the analytical evidence provided by Foldy,
Lax, Waterman, Truell, and Twersky is applicable mostly to point scatterers, but not
directly to finite-size scatterers. In this paper, we address the second difficulty.
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Most often, for finite-size scatterers, physical arguments are invoked to justify the use
ofa complex-valued wavenumber. This is the case in McCarthy and Carroll (1984), Varadan
et al. (1989), Kerr (1992), and Bose (1996) for cylindrical or spherical inclusions; and in
Kikuchi (1981a, b), Angel and Achenbach (1991), Zhang and Achenbach (1991), Zhang
and Gross (1993a, b), Angel and Koba (1993), and Eriksson et al. (1995) for cracks. These
authors, except Kikuchi (198Ia, b), determine the complex-valued wavenumber indirectly
by using various analytical and numerical methods, such as an energy method together
with a Kramers-Kronig relation. Kikuchi (1981 a, b) derives a result of particular interest:
a simple explicit formula for the complex-valued wavenumber.

Backward motions, reflection, and transmission have been examined only in Waterman
and Truell (1961), Twersky (1962), and Bose (1996). In other papers, attention is confined
to the forward motion.

In this paper, which is based on the doctoral dissertation of Koba (1996), we obtain
simple explicit expressions, which were not available before, for the backward motion,
reflection, and transmission in an elastic solid containing a randomly-cracked slab region.
These expressions will be of interest in ultrasonic nondestructive evaluation and seismic
exploration.

We obtain the configuration-averaged motion, inside and outside the slab, by using a
new approach that consists of averaging the exact equations of motion and crack boundary
conditions. The formulation is presented in Sections 2 and 3. The cracks are identical and
parallel to the boundaries of the slab, and an antiplane wave is normally incident on the
cracks. In Section 4, we derive governing equations for the N-crack problem, when the N
cracks are contained in a rectangle of the slab region. Then, we average these equations.
This allows us to express in (18) the average total motion in terms of the average motion
scattered by a fixed crack, which itself depends on the average exciting motion near the
same fixed crack.

Next, in Section 5, we take the limit of (18) as the rectangle approaches the slab region,
keeping the density of cracks per unit area constant. This limit process yields eqn (36),
which expresses the average total motion in terms of a density function b. The density
function b satisfies the singular integral eqn (37). With eqns (36) and (37), provided that
the average exciting displacement near a fixed crack is known, one can evaluate the
configuration-averaged motion inside and outside the slab.

In Section 6, we examine eqns (36) and (37) in the special case where the average
exciting displacement near a fixed crack is equal to the average total displacement. Under
these circumstances, we find that there is a forward motion and a backward motion that
propagate in the cracked region with complex-valued wavenumbers ±K. The wavenumber
K is determined explicitly in terms of frequency and crack density by eqn (48). Outside the
slab, eqns (36) and (37) yield expressions for the amplitudes Rand T of the reflected and
transmitted motions.

We observe that the wavenumber K does not depend on the thickness h of the slab for
finite values of h. In contrast, the amplitudes C and D of the forward and backward waves
inside the cracked region, as well as the transmission coefficient T and the reflection
coefficient R, depend on the thickness h. The formulae for C, D, T, and R are labeled
(50), (51), (57), and (58), respectively. The velocity and attenuation, which are obtained
respectively from the real and imaginary parts of the complex-valued wavenumber, are
given in eqn (72).

In Section 7, we find the limits of the velocity and attenuation for small crack density.
Our results are identical to those of Angel and Koba (1993), who used an energy method
and a Kramers-Kronig relation. In the limit of small crack density, the backward wave in
the cracked region is negligible in comparison with the forward wave.

We also determine analytically the velocity and attenuation in the limit of zero
frequency. This calculation shows that our results are valid for small (and possibly mod­
erate) values of the crack density. Finally, we discuss the numerical method of solution in
Section 8, and we present plots of the velocity, attenuation, reflection coefficient, and
transmission coefficient vs the frequency for several values of crack density and slab
thickness.
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2. FORMULATION

We consider a linearly elastic, homogeneous, and isotropic solid that contains a random
distribution of parallel cracks, as shown in Fig. I. The cracks have width 2a, lie in planes
orthogonal to the (Y"Y2) plane, extend to infinity in the ±Y3 directions, and their centers
are contained in the open slab V~ of width 2h defined by

(1)

Let c. (a = 1,2) be orthonormal base vectors attached to the axes Y" respectively, and let
{ be the position vector of a crack center. Then, since { is a point of V~, one has

(2)

We attach at { a system of orthogonal axes (x], X2) such that the Xl axis lies along the crack
face. The Xl and the Y1 axes are parallel to each other. The transformation of coordinates
from the (Yl'Y2) coordinate system to the (x], x 2) system is given by

(3)

(4)

Let p and Ji denote, respectively, the mass density and the shear modulus of the solid.
Then, the speed CT and the slowness ST of transverse waves are given by

Cj. = Ji/p, ST = l/cT' (5)

An antiplane wave is incident on the cracks and propagates along the Y2 direction. The
displacement dnc

, which is in the Y3 direction, is given by

(6)

where the time-harmonic factor, exp (- iwt), is omitted. In (6), Uo is the amplitude and w
is the frequency.

The incident wave (6) is subjected to multiple reflections between the cracks. A first
encounter with a crack produces a first-order scattered wave, which propagates in all
directions away from the crack and encounters the other cracks, thus producing second­
order scattered waves. Eventually, scattered waves ofall orders, up to infinity, are generated.
In a steady-state regime, the time-harmonic factor, exp ( - iwt), is common to all incident
and scattered fields; it will be omitted throughout this work.
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Fig. I. Uniform distribution of parallel cracks in an unbounded elastic solid.
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3. UNIFORM DISTRIBUTION OF CRACKS

The cracks in the slab V~ are randomly distributed. Thus, the crack-center positions
are known in a probabilistic sense only, and the probability that a crack be located at a
given point in V~ is independent of the particular point chosen. It follows that the number
n of cracks per unit area in V~ is constant on average, and the distribution is uniform in
V~. We construct a sequence of bounded open rectangles {V';,,}, where N is a sufficiently
large integer, such that

(7)

Since the area of V';" is N/n, the rectangle V';" contains N cracks. Further, the rectangle V';"
is contained in V~ and approaches V~ as N approaches infinity. Let OZN be the N-fold
Cartesian product of V';". When the N crack centers ,I, 'Z, ... "N are in V';", then the 2N­
point «(L n, ... ,(~, (~) is in 02N.

We define a probability density function p: 02N -+ IR for the configurations of the N
crack centers ,I, 'Z, ... ,'N. Since the crack centers are contained in V';", one has

(8)

In addition, we assume that the N parallel cracks have no points of contact and that they
are exchangeable. Thus, the function p takes the same value at (,I, ... ,'N) and at all other
points in OZN that differ from (,1, ... , 'N) by an arbitrary reordering of the N centers.
Finally, since the distribution is uniform in V';", the probability that a crack center be
located at any point in the rectangle V';" is equal to one over the area of V';". Thus, one has

i (rl ri-I ri+ I rN ) drl dri-1 dri+ 1 drN np '" , ... , ~ , x, '" , ... , '" .,. ..., ., . .. ., = - .
n2N-2 N

(9)

In the left-hand side of (9), the value of x can be chosen arbitrarily in V';", and this leaves
the value of the integral unchanged. Further, the position i occupied by x can be chosen
arbitrarily since the cracks are exchangeable and the integration order is immaterial.

4. PROBABILISTIC N-CRACK PROBLEM

We consider N cracks centered in the rectangle V';" of (7) and subjected to the incident
antiplane wave (6). Assuming that the cracks are distributed according to the uniform
probability density function of Section 3, we obtain equations for the average wave motion
in the solid.

The total displacement uT in the solid is equal to the sum of the incident displacement
ulnC and of the scattered displacements aSC corresponding to each of the N cracks. Thus, one
has

N

uT(yj,Yz I AN) = uinc(yZ) + L aSC(YhYz ;,i I AN),
i= 1

(10)

where AN = ('I, ... ,'N) denotes the configuration of cracks in the rectangle V'~. In (10), the
scattered displacement of the ith crack is labeled with the position " after the semi-colon.
The exciting displacement aE on the ith crack is equal to the total displacement minus the
ith scattered displacement. Thus, one has
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(II)

On the ith crack, we attach a system of coordinates (x'" x~), as in Section 2. Then, the
transformation of coordinates from the (Yb Y2) system to the (XiI, x~) system is given by (3)
and (4), where a superscript i is attached to the x and (variables. Using the local coordinates
(Xi" x~), we can define functions USC and uE in terms of aSC and aE such that

(12)

(13)

The scattered displacement USC of the ith crack is discontinuous on the faces of the crack
and is antisymmetric with respect to the XiI axis, which implies that USC vanishes on the Xi,

axis at all points that are not on the crack faces. This situation is identical to that of the
one-crack problem discussed in Angel (1988). One can write N Helmholtz partial differential
equations for the N scattered displacements USC. There are also N boundary conditions,
which impose the vanishing of the total stress (J23 on the N crack faces. The N boundary
conditions yield a coupled system of integral equations of order N for the N unknown
crack-face displacements USC(cx, 0+ ;,i IAN). It is difficult to solve this system numerically
with good accuracy, even for a small number of cracks. For a large number of randomly
distributed cracks, one can use a probabilistic approach.

The average <aSC)N of the ith-crack scattered displacement aSC is obtained by using the
probability density p: Q2N ~ IR of Section 3 in the form

(14)

Observe that the integral in (14) is independent of i, because the N center positions in AN
can be reordered arbitrarily and the integration order is immaterial. To gain further insight
into the displacement <aSC)N of (14), we use the condition that the probability density pis
uniform. Thus, separating in (14) the ,i integration from the other integrations, one finds
that

(15)

In (15), <aSC)N_l is the average displacement scattered by a fixed crack and is given by

<-SC) ( .r)-~r -SC( ,.rIAN ) (AN) dr' dri-Idri+' drN (16)UN_I Y"Y2,'> - n Jn
2N

-
2
u Y,,}2 ,,> 0 Po,> ... '> '> ••• '> ,

where

(17)

In (16), the crack is fixed at " and the integral is independent of the rank i occupied in A~
by the vector' because the cracks are exchangeable. Thus, the average <aSC) N-I is inde­
pendent of the crack that is held fixed. The factor N/n in front of the integral in (16) allows
us, in view of (9), to call <aSC)N_' an average function.

We define the average <UT)N of the total displacement uT by using the same integration
procedure as in (14). Integrating (10) times p(AN

) over Q2N, and using (15), the independence
of the average displacement <aSC)N on the index of the scattering crack, and also the
normalization condition (8), one infers that
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<UT)N(YhY2) = Uinc (Y2)+n r <aSC)N_1 (YhY2 ;,) d'.
Jv~

(18)

Equation (18) shows that <UT)N depends on the average displacement <aSC)N_1 scattered
by a fixed crack.

One can write <aSC)N_l in terms of averages of aSC with two, three, or more cracks held
fixed, if one knows the successive conditional probability density functions when the
number of fixed cracks runs from 2 to N - 1. In this paper, we consider only the statistical
information that corresponds to one crack held fixed, as given in (9).

5. PROBABILISTIC SLAB PROBLEM

We now derive equations for the average total displacement in an elastic solid that
contains the cracked slab V~ of (1) and that is excited by the antiplane wave uinc of (6).
Since the rectangle V~ of Section 3 approaches V~ as N increases without bound, we take
the limit of (18) as N approaches infinity, keeping the density n of cracks per unit area
constant.

We assume that <UT)N and (aSC)N_I have limits as N tends to infinity, for fixed values
of the coordinates (YI,Y2) and of the crack-center position ,. In the limit, since the slab is
infinite in the YI direction and the crack distribution is uniform, the average total dis­
placement takes the same value at (Yj, Y2) and at (Yl +q, Y2), where q is an arbitrary real
number. Also, in the limit, the average scattered displacement at (Yj,Y2) corresponding to
a crack fixed at , is identical to the average scattered displacement at (YI +q, Y2) cor­
responding to a crack fixed at '+qej, where q is an arbitrary real number and el is the unit
base vector attached to the Yl axis. Thus, we define the limits <uT)oo and <aSC)oo such that

It follows now from (19) and (18) that the integral in (18) has a limit as N tends to
infinity, and the limit is independent of the coordinate YI' Next, we assume that the limit in
(20) is reached uniformly with respect to the position, in each finite rectangle contained
in V~. This allows us to interchange the limit and integration operations in the integral of
(18). Thus, taking the limit of (18) as N tends to infinity, interchanging the limit and
integration operations, using (19) and (20), and changing the (I integration variable that
runs along the entire real axis, one infers that

(21)

Next, we define the limit <USC)oo in terms of <aSC)oc by using the change of coordinates (3)
and (4). Since the slab is infinite in the YI direction and the crack distribution is uniform,
the average scattered displacement <USC)oc evaluated at a fixed point (XI, x2) in local co­
ordinates takes the same value when the crack is centered at «(I, (2) and when it is centered
at «(I +q, (2), where q is an arbitrary real number. Thus, we write

(22)

We recall that, for N cracks occupying deterministic positions in V~, one can write N
Helmholtz partial differential equations for the N scattered displacements USC. There are
also N boundary conditions, which impose the vanishing of the total stress (J23 on the N
crack faces and the vanishing of the scattered displacement of order i (i = 1, ... , N) in the



Wavenumber, reflection and transmission 579

plane x~ = 0 for Ixi,1 ~ a. If for each i we multiply these equations by (N/n)p and integrate
over the region Q2N-2, keeping the ith crack position fixed, and assuming that the integration
and the differentiations can be interchanged, we obtain N identical differential equations
and N identical boundary conditions. Thus, eliminating the unnecessary superscript i, we
can denote by { the position of a fixed crack and by (Xl> X2) the axes attached to the fixed
crack. In the limit as N ---> 00, assuming that the limit operation and the differentiations can
be interchanged and using (22), we find that the Helmholtz equation for the average
scattered displacement is

(23)

In eqn (23), the derivatives are taken with respect to the coordinates Xl and X2 and a
summation is implied over the repeated index rJ.. The boundary conditions for the average
scattered displacement are given in terms of the average exciting displacement <uE >% by

(25)

In (24), the average exciting displacement is obtained by using (11), the averaging procedure
(16), and equations analogous to (20) and (22).

The displacement <usc>XJ is antisymmetric with respect to the XI axis. Thus, we can
define, as in Angel (1988), a function b in the interval (-a,a) x (-h,h) such that

together with

I
X l

-a b(v;(2)dv,

0,

(26)

(27)

In eqns (26) and (27), the parameter (2 is such that 1(21 < h, as in (2). Then, we can use the
differential eqn (23) and eqns (26) and (27) to represent the displacement <u'c>% in terms
of the function b. The result is

In (28), the integrand L is given by

(29)

where f3 is defined by

(30)

The displacement <asc>00(0, Y2 ;{) inside the integral of (21) can be written in terms of the
function b by using (28), (22), and the change of coordinates (3) and (4) with Y, set equal
to zero. Thus, one has
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(31 )

where the integral P is defined by

(32)

Substituting (31) into (21), one finds that the average total displacement <uT)ro can be
expressed in terms of the function b. The result is

The integral J in (33) is defined by

(34)

It is shown in the Appendix that the integral J can be evaluated in closed form. The result
is

(35)

Substituting (35) into (33), one finds that <uT)ro is given by

(36)

Using the boundary condition (24) and the representation (28), one finds, as in Angel
(1988), that b satisfies a singular integral equation. This equation has the form

In (37), the function S is given by

S(x) = rc

(~-I)sin(~X)d~. (38)

Equation (37), together with (27), can be solved for b(v; (2) when the exciting displacement
<uE)ro is known near the crack faces.

6. COMPLEX-VALUED WAVENUMBER

We now assume that, in a small neighborhood of a fixed crack, the average exciting
displacement is equal to the average total displacement. Thus, using the correspondence
(22) and the coordinate transformation (4), we write
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Substituting (39) into (37), and using a prime superscript to denote the derivative, one finds
that

It follows from (40) that the ratio of b(v; (2) to <UT);., «(2) does not depend on (2' Thus, we
define a function b that depends only on v such that

(41)

The function b(v) in (41) satisfies equations that follow directly from (40) and (27). These
equations are

fa b(v) [_1_ +S(V-X])]dV = -n, IxIi < a,
-a v-x]

fa b(v) dv = O.

(42)

(43)

Next, we substitute (41) and (6) into (36) and we find that the average total displacement
has the form

where B is a complex-valued number that is defined by

Ba2
= fa vb(v) dv. (45)

Differentiating (44) twice in the range IY21 < h, and using the result that the derivative of
the sign function is equal to twice the Dirac delta function, we find that

(46)

Equation (46) is a second-order ordinary differential equation with complex-valued
coefficients. The general solution of this equation is

(47)

where C and D are complex-valued constants, and K is a complex-valued wavenumber.
The wavenumber K is given by

(48)

Observe now that Im(K2
) and - Im(B) have the same sign. Since Im(B) is negative for all

frequencies, as will be seen in the next section, it follows that K 2 lies in the upper complex
plane. For definiteness, we define K to be the complex root of K 2 that lies in the first
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quadrant. Therefore, Khas positive real and imaginary parts. We write the complex-valued
wavenumber K in the form

w
K = - +ilX, (c> O,IX > 0),

C
(49)

where w is the frequency, c is a velocity, and IX is an attenuation coefficient. Using (49), we
infer that the first term in (47) represents a forward wave; its velocity is c in the positive Y2
direction, and its amplitude has a relative rate of decay equal to IX as Yl increases. The
second term in (47) is a backward wave; its velocity is c in the negative Yl direction, and
its amplitude has a relative rate of decay equal to IX as Y2 decreases.

To determine the constants C and D of (47), it suffices to substitute (47) into (44). A
simple integration, together with (48), shows that the terms containing exp(iKY2) and
exp( - iKyJ in the right-hand side of (44) cancel those in the left-hand side. There remain
a term with the factor exp(ikYl) plus a term with the factor exp( - ikY2). Since this sum must
be zero for all values of yz in the range IYlI < h, the constants that multiply exp(ikY2) and
exp( - ikYl) vanish identically. This yields a linear system of two equations for C and D.
The solution of this system is

C = 2uoK(K+k) exp[ -i(K-k)h]/t1,

D = -2uoK(K-k) exp [i(K+k)h]/t1,

t1 = (K+kf exp [-2i(K-k)h]-(K-k)2 exp [2i(K+k)h].

In the range IY21 > h, eqn (44) has the form

where the transmission coefficient T and the reflection coefficient R are given by

(50)

(51)

(52)

(53)

(54)

(55)

(56)

Substituting (47), (48), (50), and (51) into (55) and (56), and evaluating the integrals, one
finds that

T = 4kK/t1,

R = (K2-k2)[exp (- 2iKh) -exp (2iKh)]/t1,

(57)

(58)

where t1 is defined in (52). It can be seen from (44) that the displacement <uT),x;(Yz) is
continuous at Yl = ± h, and the derivative <uT>:X (Y2) has finite discontinuities at Y2 = ± h.
The quantity fl(l +2na2B)<uT>:X, which can be interpreted as an equivalent average stress,
is continuous at the slab boundaries if n is set equal to zero outside the slab.

We now write the basic equations of the problem in dimensionless form. For this
purpose, we introduce the following notations
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(59)

(60)

b(v) = b(av), Sex) = as(ax), fJ"'2(u) = u2 -1, Im(fJ) ~ 0, Re(fJ) ~ O. (61)

Then, eqns (42) and (43) yield

fl - [1 - ]
-I b(v) v-x +S(v-x) dv = -n, Ixl < 1,

fl h(v) dv = O.

In eqn (62), the function Sis obtained from (38) and (61) and is given by

Sex) = w 1''' [P~u) -1] sin (wux) duo

(62)

(63)

(64)

From (48), (49) and (59)-(61), we infer that the dimensionless complex-valued wavenumber
K has the form

- w - 2K=-::+ia:, K 2 =w /(l+2eB), (c>O,a:>o),
c

where B is now given by

(65)

(66)

Using (59) and (60), we find that the constants C and D of (50) and (51) can be written in
the form

C/uo = 2K(K+w)exp[-i(K-w)h]/;i,

D/uo = -2K(K-w) exp [i(K+w)h]/;i,

(67)

(68)

(69)

Finally, the transmission and reflection coefficients T and R of (57) and (58) take the form

(70)

(71)

Calculating from (65) the complex root of K2 that lies in the first quadrant, one finds
that the velocity cand the attenuation ~ are given in terms of e and B by

c = )211 +2eBI/Q, a: = - 2ew Im(B)/[)211 +2eBI Q],

where the vertical bars denote the complex modulus and the quantity Q is defined by

(72)
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Q = [Re(1 + 26B) + II + 26BI] 1/2.

7. LIMITS

(73)

For a fixed number n of cracks per unit area, the dimensionless parameter 6 of (60)
depends on crack size. For example, if every square of side 4a contains on average a crack
of width 2a, then 6 = 0.0625. If in each square of side 4a, there are on average 2 cracks (1
crack) of width a, then 6 = 0.03125 (6 = 0.015625). For a large concentration of micro­
cracks, such as that of 4 cracks of width a/2 in each square of side 4a, then 6 takes the value
8 = 0.015625. These numerical examples show that the parameter 8 takes in general small
values less than 0.1.

When 6 approaches zero, we can approximate the complex-valued wavenumber K of
(65) with the expression

K = w(1-6B) = w[I-6Re(B)]-i6wIm(B). (74)

Comparing (74) with the first equation of (65), we find that, in the limit as 6 approaches
zero, the velocity cand the attenuation aare given by

c = 1+6 Re(B), (i = -6W Im(B), as 6-> O. (75)

Since the real and imaginary parts of B are negative for all frequencies, as will be seen in
the next section, we infer from (75) that c< I and a > 0 as 6 approaches zero. Further, the
attenuation a is proportional to the crack density 6.

We recall that in Angel and Koba (1993) an energy method was used to evaluate the
attenuation of antiplane waves in a solid that contains a distribution of parallel cracks.
This energy method is valid when the cracks are distant from each other and act as
independent scatterers, and when the power scattered by the cracks is small relative to the
incident power. When the incident wave is normal to the faces of the cracks, the attenuation
in their paper is given by formula (25), which can be written in the form

(i = :: Re(B), Ba
2 = fa vb(v) dv. (76)

In (76), the function Ii satisfies eqns (8) and (9) of their paper for e= n/2. Comparing (8)
and (9) with (42) and (43), we find that the correspondence between their Ii and our b is
given by

(77)

Then, substituting (77) into (76), we obtain an expression for a that is identical to that of
(75). We conclude from this discussion that the attenuation obtained in this paper for small
crack densities coincides with the attenuation of Angel and Koba (1993). These authors
calculate the velocity c by using (76), the Kramers-Kronig relation (38) of their paper and
the condition c(oo) = I of their eqn (41). We have verified that their numerical results are
identical with those obtained from (72) for small crack densities.

In the limit of high frequency, the results of the next section show that

lim B = 0, lim wB = -2i.
w_oc (jj-C()

Hence, we infer from (72), (73), and (78) that

(78)
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lim c = I, lim Ii = 2B, (for all B).
W-+OJ w-+oo
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(79)

To find the limits of the transmission coefficient T and of the reflection coefficient R as the
frequency approaches infinity, it suffices to substitute (65) into (70) and (71) and to recall
(79). Then, one has

lim ITI = exp (-4Bh), lim IRI = o.
W-+OC w-+oc

(80)

Thc rcsults (79) can be compared with those of Angel and Koba (1993). One can see that
the first result in (79) is identical to that of their equation (41), and the second result in
(79) is consistent with the limit 2arxiB = 4 of the curve 80 = 90° in their Fig. 4.

In the limit as the frequency 6) approaches zero, it can be shown that the function S
of (64) takes the asymptotic form

(81)

The terms that are neglected in (81) are of 0(6)2) for the real part and of 0(6)4) for the
imaginary part. Then, using the method of Muskhelishvili (1953), one can find the solution
b-of (62) and (63) and the number B of (66). To within real terms of 0(6)2) and imaginary
terms of 0(6)4 log w) in the limit as 6) approaches zero, one finds that

n n 2 (nW)2B = - - + - w log w- i-asw-+ 02 8 4' . (82)

The values of the velocity cand of the attenuation a in the limit as 6) approaches zero are
obtained from (72), (73), and (82). We find the following results

case 1: B < IIn

case 2: B> lin

(84)

We see from (83) and (84) that the attenuation a always vanishes in the limit as the
frequency approaches zero. For B > lin, (84) states that the velocity c tends to infinity as
the frequency approaches zero, which is not physically acceptable. Thus, we conclude that
the results of this paper are valid for small values of the crack density not greater than IIn.
The value B = lin is obtained when each circle of radius acontains on average a crack of
width 2a; or when 4 cracks of width a, or 16 cracks of width a12, are contained on average
in each circle of radius a.

We have verified, by using (83), (84), (65), (70) and (71), that in the limit of zero
frequency the transmission coefficient tends to I and the reflection coefficient to zero. These
limits are valid whether B is less or greater than lin.

Next, we examine the amplitudes C and D of (67) and (68). Using (65), one infers that
the ratio of the moduli of these quantities is given by
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ID/C1 = Mexp (-2hli), M = I](-wl/I](+wl, (85)

where M does not depend on Ii. We infer from (85) that, for fixed values of wand e, the
ratio ID/C1 approaches zero as the slab thickness h-approaches infinity. This result, together
with (47), shows that for large slab thicknesses the forward wave dominates the backward
wave at the center of the slab (Y2 = 0).

For fixed values of wand small values of e, (85) and (75) imply that

e
M = "2IB1 +0(e2

), as e -+- O. (86)

It follows from (85) and (86) that, for all values of h, only the forward wave is significant
as the crack density approaches zero. We have verified by using (74), (70), and (71) that in
the limit of zero crack density the transmission coefficient tends to 1 and the reflection
coefficient to zero.

For fixed values of wand small values of h~ one infers from (69)-(71) and from the
boundedness of B (as will be seen in the next section) that T and R are given to within
terms of 0(h-2

) by

T = 1-ph~ R = ph~ p = 2iweB/(I +2eB), as h- -+- O. (87)

Equation (87) shows that the reflection R is proportional to h- for small slab thicknesses.

8. NUMERICAL RESULTS

The singular integral eqn (62) and the auxiliary eqn (63) have been approximated by
using the method of Erdogan and Gupta (1972), in the case where the unknown function
b has square-root singularities at the crack tips. This yields a linear system of equations,
which has been solved for 1000 values of the dimensionless frequency wequally spaced at
intervals of 0.01 in the range [0, 10]. For each frequency, the system consists of 50 complex­
valued equations for 50 unknowns.

From (62), (63) and (66), we observe that the quantity B depends only on frequency.
Figure 2 shows the real and imaginary parts of wB vs the dimensionless frequency w. At
w = 0, both Re(wB) and Im(wB) vanish. Then, as w increases, they decrease until they
reach absolute minima, respectively, of -1.8839 at w = 1.08 and of -2.4541 at w = 1.71.

f
CO

-2

-3 L-....l----'---'---'---L.----L_.L---'---'---'

o 5 roaIc
T

10
Fig. 2. Real and imaginary parts of Bwa/cT vs the frequency.
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Fig. 3. Attenuation vs the frequency for E = 0.01, 0.03, 0.05.

Thereafter, the curves have damped oscillations as the frequency increases. The real part
approaches the value zero, and the imaginary part the value - 2, as stated in (78).

Figure 3 shows the attenuation Ci vs the dimensionless frequency wfor crack densities
e = 0.01, 0.03, and 0.05. The curves are obtained by using the formula (72), which has a
complicated dependence on e. The attenuation is maximum at w= 1.68, 1.62, and 1.55,
respectively, for e = 0.01, 0.03, and 0.05, and the corresponding maxima are 0.024912,
0.077088, and 0.13269. If the approximate formula (75) were used for the attenuation, then
the maxima of Ci would all occur at the frequency w = 1.71, where Im(wB) is minimum.
The curves are very flat near the origin, as expected from the asymptotic limit of O(w3

) in
(83), and they approach the limits .~ = 2e of (79) as wbecomes large.

Figure 4 shows the ratio c of the velocity in the cracked region to the velocity in an
uncracked solid for crack densities e = 0.01, 0.03, and 0.05. The curves are obtained by
using the formula (72). The value of cat w= 0 decreases as the crack density increases, in
agreement with (83). As the frequency becomes large, the three curves approach the limit

E = 0.01
0.03
0.05

0.85 L-_-'----_....L.-_-'--_-'--_---'

o roaIcT 5
Fig. 4. Velocity vs the frequency for E = 0.01, 0.03, 0.05.
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Fig. 5. Modulus of the reflection coefficient vs the frequency for h/a = 3 and f. = 0.01, 0.03, 0.05.
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Fig. 6. Modulus of the reflection coefficient vs the frequency for h/a = 5 and f. = 0.01, 0.03, 0.05.

c= I of (79). Each curve has an absolute minimum. These minima are, respectively, 0.98036
at OJ = 0.81, 0.94031 at OJ = 0.79, and 0.89919 at OJ = 0.77, for E = 0.01, 0.03, and 0.05.

Figures 5 and 6 show the modulus of the reflection coefficient vs the dimensionless
frequency for crack densities E = 0.01, 0.03, 0.05 and thicknesses h- = 3 and 5, respectively.
The curves are obtained by using (71), (65), and (72). The reflection is small (less than 0.1)
in both figures. At OJ = 0, the value of IRI is zero. Then, as OJ increases, the values of IRI
have cyclic variations, which are caused by interference phenomena inside the cracked
region. The number of cycles increases noticeably as Ii increases. The first minimum on
each of the six curves occurs at a frequency ofapproximately OJ = n/(2h), which corresponds
to an incident wave of wavelength A = 4h. This wavelength is equal to twice the slab
thickness. The following minima occur approximately at wavelengths that are integral
multiples of 4h. The maxima occur approximately between the minima at wavelengths that
are equal to 2h plus integral multiples of 4h. Figures 5 and 6 show that the minima and
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Fig. 8. Modulus of the transmission coefficient vs the frequency for hla = 30 and £ = 0.01, 0.03,

0.05.

maxima are slightly displaced to the left as the crack density increases. As the frequency
becomes large, the curves approach the limit IRI = 0 of (80).

Figures 7 and 8 show the modulus of the transmission coefficient vs the dimensionless
frequency for crack densities e = 0.01,0.03,0.05 and thicknesses h- = 3 and 30, respectively.
The curves are obtained by using (70), (65), and (72). At OJ = 0, the value of ITI is 1. Then,
as OJ increases, the values of ITI decrease. The decrease is steeper when the crack density e
is larger and when the thickness ii is larger. With e = 0.05 and h- = 30, the value of ITI
drops from 1 to nearly zero as the frequency OJ increases from zero to I. As the frequency
becomes large, the values of ITI approach with damped oscillations the limit exp( -4eh) of
(80).

We now compare the results of this paper with those of Kikuchi (198Ia, b), who also
determines a complex-valued wavenumber in a solid containing a distribution of parallel
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cracks. His formula, which is given between eqns (14) and (15) in Kikuchi (l98Ib), can be
reproduced using our notation in the form

(88)

where the complex-valued quantity ¢ is related to the average crack-opening displacement
~i1 by

¢ = 2i~i1/(nKa). (89)

The displacement ~i1 is that of a crack excited by an antiplane wave of wavenumber K; it
can be calculated by using the method discussed by Angel (1988). Then, one finds that ¢ is
related to the quantity B of (45) by n¢ = 2B. We conclude from this discussion that (88)
and (48) are identical expressions for the wavenumber K.

The approximate expressions given by Kikuchi in eqn (IS) are valid for small values
of the crack density e, and are consistent with (75). The velocity curve in his Fig. 3 is a plot
of (I-c)/(en) vs OJ. At zero frequency, the ordinate is 0.5, which is in agreement with the
first formula of (83) when a Taylor series expansion of (I-en)I/2 is taken near e = O. For
OJ greater than 2, (1- C) is less than zero. This is not consistent with the results that we
present in Fig. 4, where c is less than CT for all frequencies. It appears that the numerical
inaccuracy of his results is a consequence of evaluating the crack-opening displacement
only to within first order terms in frequency.

The attenuation Q-l/(en) presented by Kikuchi in Fig. 3 corresponds in our notation
to - 2 Im(B)/n. We find that the peak value of this last quantity is equal to 1.0162 and
occurs at OJ = 1.41. In comparison, his peak value and corresponding frequency are 1.2
and 1.3, respectively.

9. CONCLUSIONS

We have investigated the multi-crack problem of elastodynamics where randomly
distributed cracks are contained in a slab region of finite thickness. Assuming that an
antiplane wave is normally incident on the cracks, which are all identical and parallel to
the slab boundaries, we have evaluated the configuration-averaged wave motion inside and
outside the slab.

We have used a new method where exact equations and boundary conditions are
written for each crack and averaged over all configurations. First, the N-crack problem is
considered, where the number N is finite and the cracks are contained in a bounded
rectangle. Next, the limit of the averaged N-crack equations is taken as N tends to infinity
and the crack number density n is kept constant.

To obtain the limit equations, assumptions have been made concerning the existence
of the field quantities in the limit as N tends to infinity and concerning the validity of
interchanging the limit operation with differentiations and integrations. Owing to the
geometry of the slab, the uniformity of the crack density, and the normal propagation of
the incident wave, one infers that the average total displacement in the solid depends only
on the coordinate normal to the slab boundaries. For the same reasons, average field
quantities associated with a fixed crack must remain invariant when the crack and the
observation point are translated by the same amount along the slab length.

In the limit, we find that the average total displacement <uT)oo is governed by (36)
together with the singular integral eqn (37). When the right-hand side of (37) is known,
these are coupled equations for the two scalar unknowns <uT)cxo and b(v; (2), where b is
related to the average crack-face displacement <USC)cxo as indicated in eqn (26).

Equation (36) follows directly from (33). This last equation expresses the average total
field in terms of a four-fold integral, since J is a double integral with integration variables
running along ( - 00,(0) and [0,(0), respectively. A representation of <uT)cxo in terms of a
four-fold integral, as in (33), would not be practical, and accurate numerical computations
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would be very difficult. We have been able, however, to evaluate J in closed-form; this
reduces the four-fold integral to a double integral and yields (36), which proves to be very
useful.

Since no assumptions are made regarding crack density, eqns (36) and (37) are valid
for all crack densities and take into account all interactions between the cracks. If the
average exciting displacement <uE)'m which appears in the right-hand side of (37), were
known exactly near a fixed crack, then it would be easy to obtain analytically or numerically
an exact solution for the average total displacement <uT)oo.

In the second part of this work, which starts in Section 6, we assume that <uE)oo and
<uT)oo are equal near a fixed crack. This approximation, which is expected to be valid for
small concentrations of scatterers, does not have a precisely determined range of validity;
however, given (36) and (37), its consequences can be examined thoroughly.

An important consequence is the existence of a complex-valued wavenumber K inside
the slab region. The wavenumber K has a simple explicit expression, from which both real
and imaginary parts (thus, velocity and attenuation) can be obtained without difficulty.
This Kwas previously determined by Kikuchi (l981a, b), as is discussed in Section 8.

We have further examined the consequences of the assumption that <uE)oo is equal to
<uT)oo near a fixed crack. Our examination reveals that the velocity becomes abruptly
unbounded as the crack density reaches a critical value, which corresponds to a distribution
with (on average) one crack of width 2a in each circle of radius a. Since an unbounded
velocity is not physically acceptable, we conclude that our assumption is valid for small
(and possibly moderate) values of crack density. In addition, we have obtained analytical
limits for vanishingly small crack densities and slab thicknesses that are in agreement with
physical intuition; in both cases, the transmission coefficient tends to I and the reflection
coefficient to zero.

For an acceptable value of the crack density, our analysis is valid in the entire range
of frequencies. Numerical results have been obtained at a low cpu-time cost by solving a
singular integral equation for each frequency. Our analytical predictions, in particular those
for the reflection coefficient, may allow a more accurate interpretation of experimental
measurements in ultrasonic nondestructive evaluation and seismic exploration.
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APPENDIX

The integral J, which is defined in (34), is evaluated in closed form. One has

Ix P(v,y"Od(, = -IX {rX~Sin[¢«(I+v)lexP(-P1Y'-(21)d¢}d(I'
-x -x Jo ,

Evaluating the (, integral in (A.I), one finds that

Ix iD IP(v,y" 0 d( I = - 2 ~sin (¢v) sin (¢X) exp (- Ply, -(,I) d¢.
-x " ,.

(A.I)

(A.2)

The limit of the above integral as X tends to infinity can be obtained by using the localization lemma (Sneddon,
1972, pp. 32~33) and the definition of the function Pin (30). Since P= - ik at ¢ = 0, one infers from (A. I), (A.2)
and (34) that

This proves the result (35).

J(v,y,,(,) = -nvsgn(y,-(,)exp(ikly,-(,I). (A.3)


